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Abstract. Inthis paper we generalize naturally graded filiform Lie algebras aswell as
filiform Lie algebras admitting a connected gradation of maximal length, by introducing
the concept of c-graded complex filiform Lie algebras. We deal with the particular
case of 3-graded filiform Lie algebras and we obtain their classification in arbitrary
dimension. We finally show a link among derived algebras, graded filiform and rigid
solvable Lie algebras.
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I ntroduction

Vergneintroduced in [12] the concept of naturally graded filiform Liea gebrasas
those admitting agradation associated with thelower central series. Inthat paper,
she also classified them, up to isomorphism. Apart from that, several authors
have studied algebras which admit a connected gradation of maximal length,
thisis, whose length is exactly the dimension of the algebra. So, Y. Hakimjanov
started thisstudy in[8], Reyes, inthisPh. D. Thesis[11] (later published in[3]),
continued this research by giving an induction classification method and finaly,
Millionschikov in [10] gave the full list of these algebras (over an arbitrary field
of zero characteristic).

Themain goal of this paper isto introduce and study akind of graded filiform
Liealgebras, the c-graded ones, which generalizes both conceptsrecalled above.
So, 1-graded filiform Lie algebras are naturally graded filiform Lie algebras
and 2-graded filiform Lie algebras are the algebras by Hakimjanov. Although
general results related c-graded filiform Lie algebras are obtained, these are
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60 FJ. ECHARTE, M.C. MARQUEZ and J. NUNEZ

particularized to establish the classification of 3-graded filiform Lie algebrasin
arbitrary dimension.

For severa reasons, wethink that this classification can supposeastep forward
in getting the classification of Lie algebrasin general. Indeed, by considering
the usual gradation of the second space of Chevalley-Eilenberg’s cohomology
of themodel filiform Liealgebra P,, givenby H2(P,, P,) = ©c>0H2 (P, P,)
and by taking into account that every filiform Liealgebraisisomorphicto (7,).,
where » € H?(P,, P,) [12], it is possible to consider c-graded Lie algebras as
algebrasisomorphicto (P,)y,, with . € H? (P, P,) (see[7]).

Therefore, the classification of c-graded Lie algebras allows, for one thing,
to settle the classification of filiform Lie agebras of the type (P,)y, 4y, and,
for another, to progress in the knowledge of the structure of (P,),,, because by
considering thegraduation, ¥ = . + .41+ - - + v then . and ¢, haveto be
cocyclessuchthat (P,),, and (P,), arec-graded Liealgebras(see Remark 4.1).

Note also that c-graded Lie algebras are related with sill algebras introduced
by Goze and Hakimjanov in [6], although they do not give any gradation for
them.

Finaly, by virtue of aresult seenin [1], we obtain that for fixed ¢ > 2, there
existsm = m(c) € N such that every c-graded Lie algebra of dimensionn > m
is aderived algebra of arigid solvable Lie algebra of dimensionn + 1.

1 Definitionsand notations

In this paper, we will consider complex Lie algebras of finite dimension with
laws denoted by [, 1.

InalLieagebra A, one can consider the lower central series: C1(A) = A,
C3(A) =[A, A],...,CHA) = [CF1(A), A], ... Itissaid that A isfiliform
if dm C*(A) = n — k, for k > 2, with n = dim A. Note that filiform Lie
algebras are a subset of nilpotent Lie algebras.

As a consequence of Engel’s Theorem, it is possible to obtain a basis
{ei, ..., e,} of every filiform Lie algebra such that,

ler,e,] =0, [erenl=enyn (h=2,...,n=1), [ez,e,1]=0.
Such a basis is called adapted basis and with respect to it, it is verified that

CHA) = (exy1, ..., en),2<k<n—1
According to aresult by M. Vergne ([12]) there are two filiform Lie algebras
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¢-GRADED FILIFORM LIE ALGEBRAS 61

A = P, whatever n is,and A = Q,, for n > 4 even, defined, respectively, by:

P, ey, el = eyl 2<k<n-1
O,  le1, el = €41 2<k<n-1
[ek, en+l—k] = (_1)k+1en 3 =< k < %
[eo, ex] = e 3<k<n-2

which are both isomorphic to the graded algebra obtained when considering the
lower central series, thisisthe gradation defined with respect to an adapted basis

{e1, ..., e.}:
Hi = (e1, eo)
He = (exs1) 2<k<n-—1

SOA=H1®H, D - ®H,_1.
A Liealgebra A issaid to be derived if there exists a Lie algebra £ such that
A = C%(L).

2 c-graded Liealgebras

Definition 2.1. A gradation {G;};>1 of a Lie algebra A of dimension » is called
a c-gradation if
A=G1000--- 0BG D... D Gpyc—2,

where there are n one-dimensional nonzero homogeneous spaces, if ¢ > 2 or

ﬂ261@62®---®6n+c—2’
ifc =2

Definition 2.2. A filiform Lie algebra A is called c-graded for ¢ > 2 if it admits
a c-gradation.

Notethat for ¢ = 2, we obtain aconnected gradation, thisis, agradation with-
out zero homogeneous elements. However if ¢ > 2, we obtain a disconnected
gradation with ¢ — 2 zero homogeneous elementsiniit.

Proposition 2.1. The filiform Lie algebra A of dimension » is c-graded if and
only if there exists an adapted basis B = {es, ... , e,} of A such that:

len, ex] = ap kepiite—2

whereap, € C,h+k+c—2<mn,foralle,, e, € B,withl < h, k < n.In
this case, the basis B is called a c-graded basis of A.
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Proof. Let consider the following c-gradation
A=G®0D - - 0BG D - D Gpic—2,

thenwecantakez; € Gi, zx € Grye2for2 <k < n.As A isfiliform, we have
[z1, zx] # O, for al k. So, by a suitable choiceof o; € C,1 <[ < n, wecan
consider ¢, = «; z; andthus{es, ... , e,} isac-graded basis satisfying brackets
above.

Conversely, let A be afiliform Lie algebra whose brackets with respect to an

adapted basis {e1, ... , e,} ae [ey, ex] = anrenir+rc—2. Then we can consider
the gradation in A defined by:

G1 = (e1)

Gk = (€k—ct2) c<k<n+c-—2

Wehave A = G ®0®-- - 0D G. D ... D G, 2. It completesthe proof. O
Lemma2.2. If A is a c-graded Lie algebra of dimension r, then

2<c<n-3.

Proof. Since A is c-graded filiform, if {e1, ... ,e,} is ac-graded basis, we
have that:
[en. e] € [A, C2(A)] = C3(A)
forl<h,k <n.So,
Chiktc—2 € (€4, ... , ).
Therefore, h +k+c¢c—2 < n.Asl # h # k # 1then ¢ will be maximun when
h=2 k=3 U

Remark 2.1. According to previous definitions, the Lie algebras P,, one for
each dimension, are c-graded for all c¢. This is immediate if we consider a; , =
0, Vh,k > 1. From now on, these algebras will be called model Lie algebras.

Moreover, by taking into account the following lemma, this condition charac-
terizes the model algebras.

Lemma 2.3. If a non-model Lie algebra is ¢;-graded and c,-graded, then ¢; =
Co.
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Proof. Letsupposeci < co. Let B = {e1,...,e,} and B = {e}, ..., e}
be c¢;-graded and c,-graded bases of A respectively. Since A is a non-model
agebra, thereexist i, j € {2,... ,n}, i < j suchthat [e;, e;] # 0, and then
lei,ejl =a; jeitjier—2.

By considering the adapted basis change between both base:

n
=E Chre,, 1<h<n,
k=1

we have by filiformity that [e1, e,] = e,pq fOr 2 < h < n — 1, therefore
Chx =0fork <h,and3 <h <n.So, e, = C,pe, whichimpliesC, , # 0.
By a recurrence way it is easy to check that C, , # Ofor 3 < h < n. Sowe
have:

e = Z Ch,ke,’(, h= l, 2

ep = Zch,kel/ca Chn#0, h=>=3
k>h

As B and B’ are adapted, by considering [e;, ¢,_1] = 0, we deduce:

ep = Zch,ke//w Cin #0, l=<h=n.
k>h

Asaconseguence, we obtain that the matrix (C, ;) of the change between two
c-graded base is upper-triangular.
Note that:

/
lei,ejl =ajjeitjre—2=a;; E Citjter—21€ =
k>i+j+c1—2

’ 2 e R N ’
§ Cixey, E :Cj,heh =CiiCjj A j€iijre,—2t § Ape,

k=i h=j p>i+j+c2—2

where i, € Cand q; ; are structure constants of A with respect to B’
Thereforeal J# 0 and i+ j+c1—2 < i+ j+c,—2, whichiscontradictory.
Finally we get asimilar conclusion if we suppose that ¢, < c;. O
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3 Rank of c-graded filiform Lie algebras

Let usrecall that therank of anilpotent Liealgebraisthe dimension of amaximal
exterior torus of derivations. If the nilpotent Lie algebraisfiliform, then its rank
isstrictly smaller than 3 (see[4]). Let G be afiliform Lie algebra. In[4] isalso
proved that (G) = 2 (where r (G) denotestherank of G) if andonly if G = P,
or G = Q,. Moreover, it can be checked that the torus of derivationsif G = P,
is generated by:

g1=1dp, goler) =e1, gole))=ie, 2<i=<n
and if G = Q,, thetorusis generated by:
hi(z1) =0, hi(z)) =z, 2=<i<n—1 hi(z,) =2z,

hao(z1) =z1, h2(z) =((—2)z;, 2=<i<n—-1 haz,) =0n—3)z,

where {z1,... ,z,} isabasisof Q, suchthat z; = e; +e2, z; = ¢;, i > 1
and brackets are defined by [z1,z;] = zi21 2 <i < n — 2, [21,Zn—iz1] =
(_1)i+1Zn~

If A isanon modd c-graded filiform Lie algebra with ¢ > 2, then we can
consider the following non nilpotent derivation:

d(ey) =ey, d(ex) =cep, ..., de,)=m—2+0)e,

where{es, ... , e,} isac-graded basis of A. Moreover, as A is hot isomorphic
to Q,, thenr(A) = 1.

Recall that characteristically nilpotent Lie algebras are those in which every
derivation is nilpotent. For ageneral overview of these algebras, the reader can
consult [5]. In[9] we have aso proved that c-graded filiform Lie algebras are not
characteristically nilpotent. So, as a consequence of these results, the following
istrue:

Proposition 3.1. For ¢ > 2, every c-graded filiform Lie algebra is derived from
any solvable Lie algebra £, of the form £ = A @ (U), of dimension n + 1, with
ad U = d (ad U is the adjoint mapping x — [U, x]). O

4 Structureof c-graded filiform Lie algebras

Let A beac-graded filiform Lie algebra, withc > 2, and B = {e4, ... , e,} be
ac-graded basis of A. We will denote by 7,_; € C the coefficient of ex; 1, in
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¢-GRADED FILIFORM LIE ALGEBRAS 65

the brackets [e,, e, 41], With2 < g < ["%’*1], ([x] denotes the integer part of
x), thatis:

le2, e3] = 1 ez
les, eq] = 12esyc
lea, es] = 13 e6yc
[e[n—ngl], e[nfg+1]+l] = t[n—§+l]_l ez[n—5+1]+c_l.

If we know these brackets, it is possible to determine the rest of bracketsin A
by considering, in arecurrent way, Jacobi identities associated with the elements
e1,eq, ep, fOr g = ["‘—;“],... ,2and p=g+1,...,n+2—c—gq.These
identities will be denoted by J(eq, e,, ¢,) = 0.

Then, according to this notation the following result is verified:

Theorem 4.1. The structure of A is the following:

[e1, eq] =eg+1 2<g<n-1
n—c+1
leg, eq+1] = 14—1 €2g4c-1 2<q<]| 2 ]
n—c+1
leg, eq+2] =1lg-1€2+c 2<qg=<]|
294+c<n

(24

S p——
leg. ep] =< Z (—l)l(p ; 1 >tqfl+1)eq+p+c—2 g+2<p=<n—q+2-c
1=0

Moreover, as A is a Lie algebra, the rest of Jacobi identities are verified, that
is:

J(eg,ep,e,) =0
with2<g<p<r<n—2c—1and p+q+r—4+2c <n. g

Remark 4.1. By considering the second space H?(P,, P,) of Chevalley-Eilen-
berg’s cohomology of the model filiform Lie algebra, it is easy to observe that
the c-graded filiform Lie algebras are Lie algebras (P,), (see [7]), where ¢, €
HCZH(P,,, P,), thisis, ¥, belongs to one of the elements of the usual gradation
HZ(an Pn) = @CZOHCZ_H_(Pna Pn)

In order to classify c-graded filiform Lie algebras, ¢ > 2, we will consider
the general ¢-graded algebra of dimension n defined by Theorem 4.1, where 1;
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are parameters in C. The solution of the polynomial equations P, ,, = 0 (in
Clty, ... ,t[n;?l]_l]), associated with Jacobi identities J(e,, e, e,) = 0, with
2<g<p<r=<n—2c—landp+q+r—4+2c <n, dlowsinthefirst
place to determine the c-graded filiform Lie algebras and secondly to get their
classification.

Taking it into account, we will denote by A¢ (11, 1o, . . ., t[%l_l) alLieal-
gebra whose law is defined as in Theorem 4.1, where ¢; are the corresponding
coefficientsin [e; 11, ¢;12].

Proposition 4.2.
Pq,p,r = Ig,pr-1— Pq,p+l,rfl - Pq+1,p,rfl

forqg<p<r and p+qg+r—4+42c=n.

Proof. Denoting the structure constants in A¢ (14, 2, . . . , t[n—i?—l]_l) by a,.,,
it is easily checked from Theorem 4.1, that:

aq,p = dg41,p + dg,p+1

forqg<p,g+p+c—2<n-1As

Py pr = aq,p0q4 pt+c—2.r — Aq,r8q+r+c—2,p T Ap rlpiric—2.4s

it completes the proof. O

As a consequence of these relations among polynomial equations associated
with Jacobi equations, it is possible (as the following theorem affirms) to obtain
a smaller number of such polynomia equations, which constitute a generator
system of therest of equations.

Remark 4.2. Itisclear thatif {e1, ... , e,} isa c-graded basis of a c-graded Lie
algebra, ¢ > 2, AS (11, to, . .. ,t[%H), then the ideal center is:

Z(ﬂz(tla t27 ] t[lz"'l]_l)) = (el’l>
According to Theorem 4.1, it can be proved that:
ﬂ; (tl’ tz’ cee t[%]fl)/<eﬂ>

is a c-graded filiform Lie algebra of dimensionn — 1 and {e} = e1 + (e,), €} =
ei + {e,), 2 <i <n— 1} isac-graded basis of it.
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Moreover,

ﬂz(tl, t2, ceey t[117§+l]_1)/<€n) = ﬂ;;fl(tl’ t2, ey t[n%]—l)

This comes from the following fact: if we denote by a,, , the structure constants
in the algebra A (11, t2, . . . , fin=ct1) 1) and a,, , denote the structure constants
. 2 - e
in the algebra A¢_,(t1, 12, . . ., t[%c]_l), it is verified that:

Aq.p = Aq,p

for p+qg + ¢ — 2 <n— 1 Then, if we denote by Pq,pyr the Jacobi polynomial
equations in A¢_,(t1, 1o, . .. , t[%]_l), we have that:

Pq,p.,r = Pq,p,r

forq<p<randg+p+r—4+2c<n-1

Recall that to obtain c-graded filiform Lie algebras, ¢ > 2, of dimensionn we
need to solve the polynomial equations system P, ,, = 0,for2 < g < p <
r<mn—2c—1 p4+qg+r—4+2c <n.Byusing Remark 4.2, it is possible
to determine these algebras by recurrence on the dimension. So, if we know
the c-graded filiform Lie algebras of dimensionn — 1, A5 (A1, ..., )‘[%1—1)’
then A; verify P, ,, = 0, forg + p+r —4—2c < n — 1. Hence the c-
graded filiform Lie algebras A = AS(1q, ... ,t[#]_l), of dimension n, are
suchthat ; = A; for 1 <i < [*5°] — Land ¢; only must verify P, , . = O, for
g+p+r—442c=n.

Under these conditions, fixed the coefficients A4, ... ”\[%1—1 such that
Al (A, ... ,x[%]_l) is a c-graded filiform Lie algebra of dimensionn — 1,
the two following results are verified:

Theorem 4.3. If n — ciseven, AS(Aq, ... ,A[%]_l) is a c-graded filiform Lie
algebraifandonlyifiq, ..., Anze)_q satisfy the following polynomial equations:

* J(ezran, entiz g, ensza ) = O, if n is odd, where 0 < 3k < S

* J(earax, €nze_y, enziz ;) = 0, if n is even, where 0 < 3k < 28

Theorem4.4. If n—c isodd, Aj (A1, ... , Apagey_y, fnze)) IS @ c-graded filiform
Liealgebraifandonlyifiq, ..., Apne) g, ey, satisfy the following polynomial
equations:

* J(erran, ensypa g, emsz ) =0, ifn is odd, where 0 < 3k < neZe=s,
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* J(esrau, er-ze_y, enzrz ) = O, if n is even, where 0 < 3k < n=2c-8

To prove both results, according to Proposition 4.2, we have:

Pq,p,r = _Pq,p+l,r - Pq+l,p,r

forg <p<radg+p+r—4+2c=n,snceP,,,1 = 0, because
g+p+r—1—442c=n—1 Then, by recurrence on g, p, r, we obtain
that any Jacobi polynomial equation is a linear combination of P, , ,.1 with
g+2p+1—442c=n. O

Theorem 4.5. Two c-graded filiform Lie algebras of dimension n, ¢ > 2,
At ... ,t[%H) and AS(, ... ,t[/,HH] 1), are isomorphic if and only
2 1T

if there exists a complex A = Osuchthatz, = A1, for 1 <h < [”‘—5*1] -1

Proof. Let AS(tq,... ,t[%]_l) and A (A, ... At[n c+1y 1), A # 0, be
two filiform Lie algebrasand B = {e1, ... ,e,}, B’ {el,... e}, c-graded
bases of them, respectively. The basischange e} = e1, e, = Ae;, 2<i <n
proves that these two algebras are isomorphic.

Conversely, if we consider two c- graded bases B and B’ of the agebras
Ap(t1, s nmcia oty pad A, ... .t [n ety ) respectively, satisfying the hy-
pothesis of the theorem, we assume that there exists a basis change:

ey = ZCh,kek, Cx #0, 1<h=<n.
k=h

Starting from [e}, e;] = ¢, 1, 2 < k < n — 1, weobtain that:
Cek = (CL1)""Ca2, 3<k=n.

Moreover, if we denote by a; » the structure constantsin A (14, . . ., t[/ nctd l)
. el

with respect to B’ and by considering [e;, ¢/,] the ones with respect to B, we
conclude that:
aq.pCp.pCoq = aq pCrrag—2tc.ptqre—2

forl<g<p=<n, p+qg+c—2=<n.Consequently,

c,,C
’ ’ q.9%~q9+1q+1 +c—1
a =l 1= Cz,z(Cl’l)” ¢ Ig—1

t
q,9+1
Cogte-12g4c-1

-1~

for2 <gq < [”*—gﬂ]. Hence A = C,2(Cy1.1)"+~1 # 0 verifies required condi-
tions. O
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Remark 4.3. Note that, if we have two c-graded filiform Lie algebras A¢,
A’ such that A¢/Z(A¢S) is not isomorphic to A /Z(A'}), then A¢ is not
isomorphic to A" .

5 Classification of 3-graded filiform Lie algebras

By using the notation of Theorem 4.1 and by taking into consideration the pre-
vious theorem, we have that every 3-graded filiform Lie algebra is isomorphic
to one of the following Lie algebras. Note that for dimension less than 6, the
unique 3-graded Lie algebrain each dimension is the model agebra.

e IndmA=6: gi:=A%0), g::=AD.
e IndmA=7: g:=430, ¢2:=A3).
e IndmA =8: O = (00) g8:54(/\ 1), 98:54(10)
e IndmA=9: g9 (00) gg_ﬂ(k 1), gg_ﬂ(lo)
* IndmA =10: 01 := A3,(0,0,0), g3 := A3, 1,0),

g3, == A3,(1,0,0), gj,:= A3y(a, B, D withx, «, B €C.

e IndmA=11: ¢} :=.43(0,0,0),¢% :=.43(10,0),
g = A (%53 5 D witha e C.

e IndmA=12: g} :=.43,0,0,0,0), 03 := 431,00, 1),
¢ = A%(0,0,0,1), g% := AL(%2 5 1, wywitha, u €C.

e IndmA =13: gk :=.4%(0,0,0,0), g% :=.43(1,0,0,0),

03 _2’43(0 0,0, 1), g% _ﬂl3(‘” 720, 1 ey for € Csuch
that 412 — 51 — 4 # 0.

* IndmA =14:  gj,:=A3,(0,0,0,0,0),
02, := A%(0,0,0,0,1), g3, := A%(1,0,0,0, ),
g4, :=A430,0,0,1,0) a € C

5 . a3 (42-3) 5.—10 15.—40
Oy = A0 L 535 2 s er132) for A+ € C such that

4)? — 51 —4 # 0and 813 — 6% — 131 — 4 # 0.
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e IndmA =15: ¢} :=.4%(0,0,0,0,0),
0% := A3(0,0,0,0,1), gi = A3,(1,0,0,0,0),
ofs ;= A3(0,0,0, 1, 4),
035 := A%(42,6,1, &, 123), O = A%(F,2,1,0,-1),
gl = ﬂ§5(21+7f ’ 5+f (1, =Syl 1743V 1y

—1+v/11° 243V11
3 21— 7f 5— f 3+/11 17+3/11
95 = As( ; 1R .

« IndimA = 16: g}, := A43,(0,0,0,0,0,0) ,
0% := A3(0,0,0,0,0, 1) g3 := A35(0,0,0,0,1, 1),
Ol := A3(42,6,1, 2, 2=, i), O3 == A3(1,0,0,0,0, 1),
0% := A%(0,0,0,1,4,25), gi; = A%(%.2,1,0,-1, 32,

8 ._ 73 21+7f 5+f —3+V/11 1743Vl p-—52+17/11
G16 = Al ’ L —1+/11°  2+3V11 ° 6= 31+f)

3 /21— 7ﬁ 5— f 3+v/11 17+43V11 p52+17V/11
916 = Aze( ’ 1’1+f’ 2+3\f’631«/7))”eC

We show now in detail some examples of ¢-graded Lie algebras which alow
to check the classification above indicated. We use dimension 6 and 13 duetoin
each of these cases the computations are different. Later, we will continue with
the classification for dim A > 17.

Example5.1. Let A be a 3-graded Lie algebra of dimension 6.
In this case, according to Theorem 4.1 we have an one-parametric family of
algebras:
A1) : [er,e] = epn for 2<k<5
le2,e3] = tes

where the parameter #; € C. So, according to Theorem 4.5, we distinguish:
 If 1, = 0, we obtain the model algebra Lg,

ALO0): [er,ex] = eyr for 2<k <5

« Ift; # 0, all the algebras A3(¢;) with #; # 0 are isomorphic to:

AL : [en, ex] exy1 for 2<k <5
le2, e3] = es.
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Then, a 3-graded filiform Lie algebra of dimension 6 is isomorphic to A3(0)
or A3(1).

The classification of 3-graded Lie agebras up dimension 12 can be obtained
inasimilar way.

To classify 3-graded Lie algebras of dimension greater or equal than 13 we
use an inductive method based on Theorems 4.1, 4.3, 4.4 and 4.5 and Remarks
4.2and 4.3.

Example 5.2. We start from the four-parametric family ﬂlfz(tl, 1y, 13, t4) Of
algebras in dimension 12, (see Theorem 4.1), where the parameters 11, t,, t3
and 4 have to verify the condition p1 = P, 34:

pl =30tz + 313 — 4% = 0,

and we obtain that a 3-graded filiform Lie algebra of dimension 12 is isomor-
phic to one of the following: A3,(0, 0, 0, 0), A3,(0, 0,0, 1), A3,(1,0,0, &) or

AEZ(M\Z;S}L’ A, 1, w), where a, A, u € C.

Now, for dimension 13, starting from the four-parametric family of algebras:

ﬂ§3(2‘1, 1o, 13, l4) o |ex, ex] = €i+1 for 2 <k<12
le2, e10] = (t1 — 6t + 1013 — 4t4) e13
le2,e0] = (t1 — 52+ 613 — 14) e12
ez, eg] = (11— 412+ 33) enn
le2,e7] = (1 —3t2+13) ewo
le2,e6] = (t1—2t2) eg
ez, es] = (11— 12) esg
ez, ea] = t1e7
lea,e3] = f1ep
les, el = (t2— 413+ 3t4) e13
les,es] = (t2—3tz3+14) er2
lez,e7] = (t2—213) enn
les,e6] = (12 —13) ero
les, es] = 12 eg
les,ea] = t2es
les,es] = (13— 2t4) e13
les, e7] = (13— 14) e12
les,e6] = tzen
[es, e5] = t3ew
les,e7] = t4e13
les,e6] = t4en
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where the parameters 1, 1o, t3 and 4 have to verify conditions p1 = 0 (see
Remark 4.2) and p2 = P;57°, which is reduced to:

p2 = —5tptz + 10t3 — Ataty + 3t1tg — 21yt = 0 (1)

by taking into account Theorem 4.3.
Hence, from classification for dimension 12 and Remark 4.3, we conclude:

» From {((0, 0, 0, 0)) we obtain the model algebra ﬂfg(o, 0, 0, 0), because
(0, 0, 0, 0) verifies (1).

e From U,c{(1, 0,0, 1)) we obtain JZL§3(1, 0,0, 0), since A = 0 is neces-
sary for (1, 0, 0, 1) to verify (1).

* From{((0, 0, 0, 1)) we have ﬂ§3(0, 0,0, 1), because (0, 0, 0, 1) verifies(1).

2_ . 2_ —
* From Uy uec{(252, 1,1, 1)) we obtain A% (252 2,1, 320,

since 1 = 25, for A € C with 422 — 51 — 4 # 0 is necessary

for (4*23‘”, A, 1, ) to verify (1).

Next, we prove that for dim A > 17, only five 3-graded filiform Lie algebras
(up to isomorphism) are obtained in the case of even dimension, whereas, four
algebras and two one-parametric families of 3-graded filiform Lie algebras (up
to isomorphism) are obtained in the case of odd dimension.

Theorem 5.1. Let A be a 3-graded filiform Lie algebra of dimension n, with
n > 17. Then they are verified:

* If n is odd, the Lie algebra Aﬁ(tl, ... ,t%) is isomorphic to one of the
following algebras:
- A30,0,...,0)
- A31,0,...,0)
- A30,...,0,1)

n—3)(n—7
- A3, ...,0,1, »=30=0)
- A3, ...  hus), where A1 = 2(2“5))% for k > 1and A, = 42.

* If n is even, the Lie algebra ﬂ,f(tl, .. T4) is isomorphic to one of the
following algebras:
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- A3(0,0,...,0)

- A3(1,0,...,0,0) withr e C
—Aﬁ(O,...,l,A)WithkeC
- A30,...,0,1)

_ ./’43(0 O 1 (n— 4)(n 8) (n— 6)3(r132i)(n 4))

3
- ﬂln(kl, ... ,/\%1), where Ak+1 = 2(2k+5)’\k fork > 1and A1 = 42.

Proof. We proceed by induction on » = dim AA. Note that some details of the
induction will be omitted, due to the proof could be lengthy.
e For dim A = 17 we obtain:
g, :=4%(0,0,0,0,0,0), g% :=.43(0,0,0,0,0, 1),
g, :=A4%(0,0,0,0, 1, 3—5) o, :=4%,(1,0,0,0,0,0),
o = A}(42,6,1, f 11 11 13’ 11.113)'
* FordmA =18:
Oig := A34(0,0,0,0,0,0,0), g% :=4%(0,0,0,0,0,0, 1),
o3 := A3(0,0,0,0,0, 1, x), Ots := A3(0,0,0,0,1, 2, 1),
Ofs == A(42, 6,1, 10 1L 13’ 11-113’ m)’
o8 := A3,(1,0,0,0,0,0, 1), » € C.

L et suppose the result proved for dim A = n — 1. We will show that it isalso
truefor dim A = n. Indeed:

* If n esodd. By using Theorem 4.3wehavethat the parametersr, . . . , fuss
of any 3-graded filiform Lie algebra A3(z, .. . , ta-s) have to satisfy:

J(e242r €n5_, €3 ,) =0
where 0 < 3r < 2=t From Theorem 4.1, it is equivalent to:
— Itz ez 2, en2r-3] —

[’17%79]

n—Gr—9_l
- > (—1)1< 2 )t2r+1+l[€n+22r+3,611—52—2r]+

1=0 !

)

[nfﬁrfll]
4 n—6r-11

[
+ Z (-1)1 ( 2 / >t2r+l+[ [e n+22r+1 y en—32—Zr ] =0.
=0
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By hypothesis, the algebra A3 (1, ... ,t%s) is isomorphic to one of
the following: A3 ,(O,...,0), A3 1(1 ,0,1), A3 l(o ,0,1),

ﬂsfl(o’ 0 1, )\‘) ﬂ371(0 1 (n 5)(n 9)’ (n=7) 352149)(11 5)) or
Af_l(kl,..  Aus), where AkH = 4k+10kk, for k> 1and r; = 42.

Then;

— From the first four algebras previously mentioned, we obtain, re-
spectively ﬂl3(0 ,0), A30,...,0,1), A31,0,...,0)and
_543(0 1 (n— 3)(” 7))

— From 5213_1(0, ...,0,1, =59 ("’7)23(;;%)(”’5)) we do not ob-
tain any Lie algebra, because

0 0.1 n—5m—-9 n-—"7>%n-9m—>5)
(’”" ’ 24 ’ 32-4.-3 )

does not satisfy J (eq, ent, e%) =0.

— From A3 [ (Aq, ...  Aus), where A1 = 2(2k+5)kk for k > 1 and
A1 = 42, we obtain Aﬁ(kl, .. ,A%), since it isisomorphic to a
finite quotient algebra of the infinite dimensional Witt Lie algebra:

WOO : [xi’xj] = (.] - i)xi+j for 1 = la]

defined by:
Woo/<X2, Xn425 e )

So, with respect to the basis {x1, x3, x4, ... , x,+1}, the quotient al-
gebrais defined by [x;, x;] = (j — i)x;4; fori + j < n+ 1. And
theisomorphismisdefined by e; = x1, ¢, = 6( — 1)!420x,,, for
i > 2.

* If niseven, by takinginto account the Theorem 4.4 we havethat the param-
eters, ... = of any 3-graded filiform Lie algebra ﬂ,?;(tl, . ,t%:)
have to satisfy:

J(e3y2r, ense . ena ) =0
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where 0 < 3r < 2214 Then,

ty_n-82lena-2,e312-] =

[2=br=12 6) 12]

, n—6r—12 —1
Z =1 ( 21 )f2r+2+1[€";+r’e"26_r] + 3
[n 6r 14] 1614 _l
+ Z (-1 ( 21 >t2r+2+l[€n§2+r,€n24_r] =0
By hypothesis, the algebraﬂlg_l(tl, e, tnge) isisomorphic to one of the
following algebras:
A3 0,...,0, A3.,1,...,0, A3,0,...,01),
—4)(n—8
A2,(0....,0.1, TV o 22 G e,
24 2
where A; 1 = 4k+10xk, fork > 1and A1 = 42. Then:
— From A3 _,(0,...,0) weobtain A3, ... ,0, tn n4), trs € C.
2
Hence, we can distinguish:
* If tT4 0, then
A30,...,0).
* Ift%; # 0, thenallalgebras;zlﬁ(o,... , 0, z%t)areisomorphic
to:
A30,...,0,1).

And (0,...,0), (0,...,1) satisfy Jacobi equations (3).

— From the threealgebras A3 ;(1,0,...,0), A3 ,(0,...,0,1) and
A2_(0,...,0,1, “=9¢=9) we now obtain

A3(1,0,...,0,4), A30,...,0,1,1),

(n —H(n—8) (n—6)2°2n—4n — 8))

d A3(0,...,0,1 :
an ( 24 2.4.3

respectively.
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— From A3_ (Aq, ... ,hue), Where Agyg = 2(2k+5)kk for k > 1 and

A1 = 42, weobtain A3(Aq, ..., hns), where A1 = 2<2k+5))‘k for
k > 1and 1, = 42, since similarly to the case n odd, it isaquotient
algebra of the infinite Witt Lie agebra. 0

6 Rigid solvable Lie algebraswhaose nil-radical is 3-graded filiform

Let M" be the algebraic variety of Lie algebras of dimension » imbedded in
C™Z . A Liedgebra £ of dimension n is caled rigid if its orbit is a Zariski
open set of M". For agenera overview of these algebras, the reader can consult
[5].

According to a result by Carles [2], it follows that every solvable rigid Lie
algebra £ is decomposable in the sense:

L=N&T

where N isthe nil-radical of £ and 7 isan exterior torus of derivations.

In [1] authors study solvable rigid Lie algebras whose nil-radical is filiform.
Particularly, they study algebras whose nil-radical is the c-graded Lie algebra
Aty o fnmgsny ).

Then, by using Theorem 3.13 of [1] and our 3-graded filiform Lie algebras
classification, we deduce the following:

Theorem 6.1. Let £L = T & Af(tl, e ety 1) be a decomposable Lie

algebra of dimension n + 1, where ﬂ;:’(tl, PR (PSS T 1) is a 3-graded filiform
Lie algebra. Then:

e Lisnotrigidifnisoddand1l <n < 13orifnisevenand 12 <n < 14.

e Lisrigidifn > 15withn odd or n > 16 with n even, and ﬂﬁ is neither the

model algebra nor an algebra belonging to the families A3(1, 0, ... , 0, &)
and A3(0,...,1,1). O
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